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1. 


INTRODUCTION 


Itiis  paper  assumes  the  parallel  random  access  machine  model  P-RAM  as 

defined  in  [Fortune  and  Wyllie,  78]  and  [Wyllie,  79],  which  consists  of  a 

collection  of  synchronous  deterministic  unit-cost  RAMs  with  shared  memory 

locations  indexed  by  the  natural  n\imbers.  Simultaneous  reads  are  allowed 

but  no  two  distinct  processors  cam  attempt  to  simultaneously  write  into 

the  same  memory  location  at  the  same  time. 

Previously  [Fortune  and  Wyllie,  78]  showed  (see  Section  3)  that  any 

language  accepted  by  a  deterministic  Turing  machine  with  space  bound 

s(n)^logn,  is  accepted  in  time  0(s(n))  by  a  P-RAM.  Also  [Ruzzo,  79] 

showed  that  any  language  accepted  by  an  auxiliary  pushdown  machine  with 

space  s(n)>logn  and  time  is  accepted  in  time  0(s(n))^  in 

various  parallel  machine  models  including  the  P-RAM. 

Section  4  of  this  paper  gives  a  0<s(n))  time  P-RAM  algorithm  for 

recognizing  the  language  L(M)  of  an  auxiliary  pushdown  machine  M  with 

space  s(n)^logn  and  2^  ^  time.  In  the  case  L  is  a  deterministic  CFb, 

0(1) 

then  ovr  algorithm  takes  time  0(log  n)  and  requires  n  processors. 

Section  5  proves  the  correctness  of  our  algorithm.  We  use  arguments 
somewhat  similar  to  those  of  [Cook,  79]  for  acceptance  of  deterministic 
CFLs  in  simultaneously  polynomial  time  and  log  squared  space. 

Section  6  proves  a  complementary  result  where  we  also  prove  that 

any  language  accepted  by  a  deterministic  space  T(n)  bounded  P-RAM  is 

CKt  (n)^) 

accepted  by  a  space  T(n) ,  2  time  auxiliary  deterministic  push¬ 

down  machine. 

Section  7  describes  some  further  results  including  improvement  of 
processor  bounds,  parallel  recognition  of  the  LR(k)  languages,  and  also 
implimientation  of  our  algorithm  on  the  HMMs  of  (Cook,  80]. 
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2.  PRELIMINARY  DEFINITIONS  AND  ASSUMPTIONS 

Consider  a  fixed  deterministic  auxiliary  pushdovm  machine  (APDA)  M 
with  work  space  bound  s(n)  ^ log n  and  time  for  an  input  string 

of  length  n. 

Let  a  position  n  be  a  finite  string  containing: 

(i)  the  current  state  of  M  (in  the  finite  control) 

(ii)  the  position  of  the  input  head 

(iii)  the  contents  of  the  work  tapes  and  positions  of  the  work  tape 
heads . 

Let  n  be  the  set  of  positions  of  M  with  work  space  s(n).  Let  an 
instantaneous  description  (ID)  of  M  be  a  pair  (it, a)  where  it  is  a 
position  in  II  and  O  is  the  current  stack  contents. 

Let  NEXT  be  the  next  move  function  of  M  be  defined  as  usual  for 
APDA  (see  for  exmaple  [Aho,  Hopcroft,  and  Oilman,  791)  such  that  for  each  ID 
(TT,s),  (IT' ,0' )  =  NEXT(iT,a)  is  the  ID  immediately  following  (it, a);  let 
ir*  =PNEXT(TT,a)  be  the  resulting  position  and  let  o'  =  SNEXT(TT,a)  be  the 
resulting  stack  contents.  Let  LOOP(n,o)  be  the  predicate  that  is  true  iff 
(IT, a)  =  NEXT(Tr,a) . 

For  each  ID  (tt,C)  ,  let  C0MP(tt,s)  be  the  sequence  of  IDs 
(TT  =  1Tq»  0  =  Og),  (TTj^.Oj^),... 

such  that  (TT^.O^)  =  NEXT(TT^  for  i  =  l,2,...  and  let  PC0MP(TT,a) 

be  the  sequence  of  positions  * 

Let  Z  be  the  finite  input  alphabet  of  M.  Given  input  string  wGl”, 

let  (TT  (w),X)  be  the  initial  ID  and  let  ('•f»,X)  be  the  accepting  ID, 

I  A 

where  X  is  the  empty  stack.  M  accepts  w  iff  (ir^rX)  is  in 
C0MP(tt  (w)  ,X) . 


To  simplify  the  presentation  of  our  recognition  algorithm, we  make, 


without  loss  of  generality,  the  following  assumptions: 


There  is  always  a  next  move  from  euiy  ID,  and  M  never  attempts 
to  pop  the  empty  stack  X. 

Only  pop  moves  are  dependent  on  the  value  at  the  top  of  the 
stack,  if  the  stack  is  nonempty. 

A^  If  LOOP(Tr,a)  then  a  =  X  (i.e.,  M  must  empty  the  stack  before 
looping) . 

A,  LOOP  (IT  ,X)  (i.e.,  M  loops  a't  the  accepting  ID  (ir  ,X)). 

4  A  A 

Ag  Each  position  ir  €  It  has  two  counters  containing  numbers 
t(Tr),  h(Tr)  ^0  where 

(i)  t  (TTj  (w) )  =  h  (ir^  (w) )  =  0  for  the  initial  ID  and 
(ii)  for  each  ID  (Tr,a),  if  (ir*  ,a' )  =  NEXT(iT,a)  and  LOOP(TT,a) 
false  then  t  (ir’ )  =  t  (it)  +  1  and  h('ii' )  =  h(Tr)  +  [o' |  -  la| 

(so  h  (IT' )  =  h(Tr)  -  1  if  the  move  is  a  pop,  h  (it'  )  =  h (tt)  +1 
if  the  move  is  a  push,  and  otherwise  h('iT')  =h(TT)). 

Note  that  assumption  A^  requires  only  additional  work  space  2s  (n). 

PROPOSITION  2.1.  3  constant  c>0  such  that  /or  all 

n  >  0. 


For  each  t^O  and  each  ID  (iTjO) ,  let 

COMP^(lT,a)  =  {  (TT' ,0' )  €  COMP(TT,0)  lt{TT’)  >t  or  LOOP  (IT*  ,0' )  } 

and  let  PC0Mp^(TT,a)  =  {tt' |  (it' ,a' )  €  coMP^(TT,a)  }. 


PROPOSITION  2.2  3  constant  c^>0  such  that  M  accepts  w  iff 

COMP  ,  ,  (TT  (w)  ,X)  =  {(TT  ,X)}. 
s (n)  1  A 

^1 

The  following  elementary  propositions  will  be  of  use. 
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PROPOSITION  2.3.  If  (ir*  ,a* )  €  COMP(7r,X)  and  (it"  ,o")  €  COMP  (tr' ,  A) 
then  (Tr’’,a'‘'a")  €COMP(Tr,A).  (See  Figure  1. ) 

PROPOSITION  2.4.  If  (ir*  ,X)  £  COMP (iT,X)  and  (tt",c")  €  comp(tt’ ,a) 
then  (Tr",a")  €  COMP(7r,o) .  (See  Figure  2.) 


3.  PARALLEL  SIMULATION  OF  DETERMINISTIC  TMs 


This  section  considers  the  special  case  where  the  deterministic  APDA 
M  never  pushes  a  symbol  onto  its  stack;  thus  M  is  essentially  a  detei'- 
ministio  TM  (the  techniques  used  in  this  case  are  generalized  in  the  next 
section).  We  use  a  known  parallel  algorithm  for  this  case,  due  to  IFortune 
and  Wyllie,  78]  and  [Wyllie,  79].  We  assume  M  has  input  wEE”,  space 
s(n}^log  n  and  let  Sj^(n)  =fs(n)log  where  the  constant  c^^  is  as 

given  in  Proposition  2.2.  For  succinctness  we  drop  in  this  section  the 
second  argument  (i.e.,  the  stack  which  will  always  be  X)  to  PNEXT,  PCOMP, 
and  LOOP. 

To  initialize  let  P^  (tt)  =  PNEXT (tt)  for  each  position  tt  £  IT.  Then 
for  each  stage  k  =  0,1, . . .  ,3^^  (n)-l  let  ^  simultaneously 

for  each  position  7r£ll.  (See  Figure  3.)  Accept  input  w  iff 

/^vCfTrCw))  = 

Sj^(n/  I  A 

By  Proposition  2.1,  we  can  encode  each  position  tt  E  II  as  a  number 
<Ti>  of  size  0(s(n)),  For  each  it  £  II  a  single  processor  is  used  to 
compute  write  into  a  memory  location  indexed  by  <tt>) 

at  stages  k  =  0,1, . . . ,Sj^ (n) .  Note  that  each  stage  can  be  done  in  a  constant 
number  of  P-RAM  steps,  using  the  eibility  of  processors  to  synchronously 
write  and  then  read  from  memory  cells  indexed  by  a  registers.  (For  details 
see  [Fortune  and  Wyllie,  79]).  By  Proposition  2.1,  |ll| 


.  Tlicroforo 


5- 


THEOREM  3.1.  A  P~RM  aon  compute  p  .  (tt  (w) )  in  time  0(s(n)} 

Sj^  \Xi  I  X 

and  processors. 

The  correctness  of  this  algorithm  follows  from: 

THEOREM  3.2.  For  each  stage  k^O  and  position  ttCII, 

P.  (TT)  €  PCOMP  (TT).  (Note  thus  P.  (n)  is  reachable  from  ti  by  at 

*  ^  2'^+t(iT) 

least  2  moves.) 

Proof  by  induction  on  k.  Suppose  the  theorem  holds  for  a  fixed  k. 

Then  by  the  induction  hypothesis  P  (n)  G  PCOMP  (it)  and  P  (it)  = 

^  2%t(TT) 

Pv.tPvC'’^))  PCOMP  (P.  err)).  By  Proposition  2.3,  P,  ,  (tt)  €  PCOMP  (tt) 

^  2\t(P.(TT))  ^  ^0 

k  ^ 

for  some  =  2  +t(Pj^(Tr)).  If  LOOP  (Pj^  (tt)  ) ,  then  Pj^^.j^(it)  =  so 

lOPP (Pj^^^  (TT) ) .  Otherwise,  t  (P^^ (tt)  )  >  2^  +  t  (tt)  so  t^  >  2^  +  (2*^  +  t  (tt)  )  = 
k+1 

2  +t(Ti).  Thus  in  either  case,  P  (tt)G  PCOMP  (IT).  □ 

^  ^  2^  ^  +t(TT) 

COROLLARY  3.2.  P^  (n)  ^  " '"a  “  accepts  w. 

Proof.  By  Theorem  3.2,  P  ,  .  (Tr_) )  6  pcOMP  .  .  (tt_  (w) ) .  But  bv 

-  s,  (n)  I  s(n)  I 

1 

Proposition  2.2.,  PCC»1P  ,  .  (tt^  (w) )  =  {tt,  }  iff  M  accepts  w.  □ 

s(n)  I  A 

^1 


4.  PARALLEL  SIMULATICJ^  OF  A  DETERMINISTIC  APDA 


This  section  gives  our  parallel  algorithm  for  simulating  a  deterministic 
APDA  M  with  space  s(n)^log  n.  Let  wGl"^  be  the  input  string  and  again 
let  Sj^(n)  =  fs(n)log  c^^]. 

To  initialize  for  each  position  ttGII,  we  let 

Pq(tt)  =  PNEXT(Tr,X) 

IPg(TT)  if  h(PQ(TT))=0 

TT 


else 
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Also,  for  each  n,lT'en  such  that  t  (tr* )  ^  t  (P^  (tt)  )  and  h(ir')^h(n),  we 
let 

fTT"  if  h(TT’)  =h(PQ(u))  >h(TT") 

TT '  else 

where  Tr"  =  PNEXT(7r' ,SNEXT{7r,  A) ) 

and  let  ^  PREDICT^  (Tr.P^  (n) ) . 

For  each  k  =  0,1, . . .  ,s  (n)-l  and  each  position  n  £  11  we  let 


(see  Figure  4) 


1I^(Qj^(7r))  if  h(ej^(7r))  =h(Tf) 
else 

(see  Figure  5) 


Ok^idi)  -  praDicTk^j(r,Pk^j(„)) 

as  defined  below. 

For  each  TT,TT'€n  where  t  (tr' )  ^  t  (it)  and  h(7r')^h(7r)  let 

TT^  if  h(Qj^(Tr^) )  =  h(TT^) 

H0Pj^^j^(Tr,7T')  = 

^  Lj^  (TTj^)  else 

where 

IT  =  PREDICT  (TT,TT')  and  TI-  =  PREDICT(7r,Q  (IT  )) 

X  K  £,  K  X 

(see  Figure  6) 

For  each  Tr,7r'€n  such  that  t  (tt*  )  ^  t(Pj^^j^  (n) )  and  h(TT')^h(Tr) 
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let 


if  h(TT)  =h(Qj^(TT)) 
IT  else 


where 

TT  =  HOPj^^^(Qj^(Tr)  ,7r' )  and  n  =  (tt,?!)  (see  Figure  7). 


Finally,  we  accept  input  w  iff  P  .("n  (w))  =  it  . 

S (tl  j  X  A 


THEOREM  4.1.  A  P-RAM  can  compute  P  ,  ,(tt,{w))  in  time  0(s(n) 

Sj^(n)  I 


,  _0(s(n)) 

and  2  processors. 


Proof.  Let  in=  |n|.  By  Proposition  2.1,  m  =  2*^ ^ .  We  devote  a 
processor  for  each  tt  £  n  to  synchronously  compute  Pj,(it),  Lj^(it),  and 
Oj^{Tr)  (and  write  these  values  into  memory  locations  indexed  by  <Tr>, 

<7T>+m,  <Tr>  +  2m,  respectively)  at  stages  k  =  0,1, . . .  ,5^^  (n) .  7ilso  we  use 
a  processor  for  each  pair  £11  to  synchronously  compute  first 

HOPj^  (IT , IT ' )  and  then  PREDICTj^  (iT,Tr’ )  (and  write  these  values  into  memory 
locations  indexed  by  <tt>  +  m (3  +  <11 '  >)  and  <tt>  +  m (3  +  m  +  <1T '  >)  ,  respectively) 
at  stages  k =  1, . . . , s^ (n) . 

As  in  the  proof  of  Theorem  3.1,  each  stage  takes  only  a  constant 
number  of  P-RAM  steps.  a 


5.  PROOF  OF  CORRECTNESS 

This  section  proves  that  for  our  algorithm  presented  in  Section  4, 

THEOREM  5.1.  Pv,  (TT)  €  PCOMP  (TT,X)  for  each  position  it  £11 

2  +t(TT) 

and  stage  k ^ 0. 

By  Proposition  2.2  we  have: 
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COROLLARY  5.1.  P  ,  ,  ^  ~  ^  accepts  w. 

S  \  fl  /  A  A 

Although  our  algorithm  of  the  previous  section  does  not  actually 
compute  a  push-down  stack,  it  is  useful  in  our  proof  of  Theorem  5.1  to 
introduce  variables  denoting  the  stack  contents  at  various  stages  of  the 
deterministic  APDA  simulation.  For  the  initial  stage  let  Oq(tt)  =  SNEXT(Tr,A) 
for  each  position  Treil.  For  k  =  0,1,. . .  ,Sj^  (n)-l  and  each  Ti,n'£n 
such  that  h (TT' )  ^ h (Pj^  (Ti) )  let  aj^(TT,Tr')  be  the  stack  derived  from 

by  h(Pj^(TT))  -  h{TT’ )  pops.  Also,  let  )  • 

(See  Figure  8.) 

We  prove  Theorem  5.1  by  induction,  using  the  following  induction 
hypothesis  for  a  fixed  stage  k  ^  0 : 

For  each  position  Tieil, 

(a)  (P  (7T)  ,0  (TT) )  €  COMP  {TT,X)  (again,  see  Figure  8) 

2%t(Tl) 

(b)  that  position  tt' £  PCOMP  (TT,  A)  such  that  h(7T')  =h(TT) 

t  (t' )  ^  t  (Pj^  (IT) )  and  t(TT')  is  maximal.  (see  Figure  9) 

Also  for  each  7r,7T'  £11  such  that  t  (Tt* )  ^  t  (Pj^  (t) )  and  h(Pj^(iT))^ 

h(TT')  ^h(TT)  we  assume  in  the  induction  hypothesis  for  stage  k  that 

PREDICT  (TT,TT' )£  SKIP  .  (TT,TT')  where  for  £>0,  SKIP  p(Ti,TT')  is  a 
k  2*'  k,x, 

position  TT^  £  PCOMP  (TT' ,aj^  (7r,7T' ) )  such  that  h  (Hj^)  ^h  (tt ' ) ,  t  (tIj^)  t  (Pj^  (tt)  ) 
and  either  t  (tt^^)  >  t  (tt' )  +£  or  otherwise  t(TTj^)  is  maximal  and 
^  t(Tr*)  +  £.  (I.e. ,  there  does  not  exist  a  position  tt"  £  PC01'iP(TT' ,Oj^(it,tt' ) 

such  that  h(Tr")  <h(Tr^)  and  t(Tr^)  <t(TT")  <t(Ti*)  +  £. )  See  Figure  10. 

The  following  lemma  will  be  useful  in  extending  the  induction  to  stage 


k+1. 
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LEMMA  5.1.  For  any  Tr,Tt'€II  such  that  t  (it’ )  >  t  (Pj^  (it)  )  and 
h(Pj^{Ti))  >h(Tt' )  ^h(Tr) ,  let  tt^^  =  predicTj^(tt,ti*  )  and  ''^2  “  *’k 
TT  €  PCOMP  (IT' ,0,  (IT, IT'))  and  furthermore  either  t(TT,,)  >t(Ti')  +  2 

or  '’^^^  =  ■'^2' 

Proof.  By  the  induction  hypothesis  tt^  €  PCOMP  (it' ,aj^  (tt,tt' ) )  where 
t  (IT, )  ^  t  (P.  (*Ti) )  and  hCiT  )  <h(Tt' ) .  Also  by  the  induction  hypothesis, 

X  K. 

IT  e  PCOMP  (TT,  ,X).  By  Propositions  2.3  and  2.4,  ti  £  PCOMP  , 

^  2St(TT  )  ^  2  +t(Tr') 

(TT*  ,0,  (tr.TT' ) )  •  Suppose  tt  TT  and  t(Ti  )  <t(Ti’)  +2  .  Then  by  definition 

jC  1  ~  “ 


of  PCOMP 


we  must  have  L00P(Tr2,X),  so  hCn^)  =h(TTj^),  by 


assTimption  A^  of  Section  2 .  But  this  violates  the  induction  hypothesis 

of  PREDICT  . 

k 


t.pmMA  ^.7  ^or  nit  TT  P  TT  TP  TtfT  .a  Tti' )  f  COMP 


fir,))  . 


Proof.  By  the  induction  hypothesis.  (P,.  (ti)  ,ai,  (tt)  )  C  COMP  ,,  (tttX)* 

2St(TT) 

Note  that  (Tr,Pj^  (tt)  )  =  (TT) .  By  Lemma  5.1, 

P,  ,{TT)ePCOMP.  (P.  (TT),a,  (TI)  and  either  t(P  (tt))  5=  t  (P  (tt)  )  +  2^ 

2%t(Pj^(TT))  ^  ^  k+1  k 

or  p.  . ,  (TT)  =  Q  (TT) .  By  Proposition  2.3,  P  (tt)  £  PCOMP  (tt,X)  ,  for 

iC^X  Jv  •  X  ^0 

t^  =  2*^  +  t(Pj^(TT) ) .  If  t(Pj^(TT))  >2^  +  t(TT)  then  t^  >  2*^^^  +  t  (it)  .  Otherwise 

LOOP(Pj^(Tr)  ,X)  so  and  so  LOOP  (Pj^^j^  (it)  ,X) .  Thus  in  either 

case  P.  ,  (TT)  £  PCOMP  .  (1T,X).  It  is  then  easy  to  verify  that  the 

2’^'*‘^+t(TT) 

definition  J  ^  satisfies  '‘^k.+l  ^  ^ 

COMP  (TT,X).  D 

2*^  St  (TT) 

It  is  also  easy  to  prove 

LEMMA  5.3.  For  each  Tr£II,  S+i^^^  that  position  it*  £  pcomp(tt,X) 
such  that  h(TT')=o,  t  (tt*  )  <  t  (Pj^^^  (ti)  )  and  t  (tt*  )  is  maximal. 
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Proof.  Suppose  not.  Then  the  induction  hypothesis  for 
Lj^(Qk(Tf))  will  be  violated.  o 

LEMMA  5.4.  Fop  TT.TT'eil  suffh  that  t  (tt' )  ^  t  (PkCT^) )  ond 
h(Pk(Tr))  ^h(7f')  >h(TT).  HOPk^j^{ft,iT')  e  SKIP 

k,2 

Proof.  Let  =  PREDICTk  (fr.Tr’ )  and  induction 

hypothesis,  7r  £  SKIP  so  h (it  )  ^ h (tt*  ) ,  t  )  >  t  (P  (tt)  ) ,  and 

1  ^,2*^  IK 

-i3Tr"  £  PCOMP(Ti' jOkCfi/Tr* ) )  such  that  h(Ti'*)  <h(Ti^)  and  t(7Tj^)  <  t{Tr")  < 

V 

t(Tt')+2  .  By  Lemma  5.1,  P  (ir  )  £  PCOMP  {tt',o  (n.,TT'))  and  either 

k  2  +t(TT*) 

t  (Pk  {Tti) )  ^  t  (IT' )  +2  or  induction  hypothesis, 

Tfj^£SKIP  k  S  PCOMP  (PkCir^),  Ok  (TT^)),  since  \  ^  • 

k ,  2  ^  ^ 

Also,  by  this  induction  hypothesis  h(TTj, )  ^h(Pk(iTj^) )  ,  t  >  t  (Pk ) , 

and  (n3Ti'' €  PCOMP (Pk  (TTj^)  ,0k (TTj^) )  such  that  h(7i")  ^h(TTj^)  and 

t{Trj^)  <t(7T")  <t(Pk(TT))  +2^).  By  Propositions  2.3  and  2.4,  £  PCOMP  (Ti',0k  (tt  ,7i ') ) 

First  we  consider  the  case  h(irj^)  >h(Ttj^);  in  this  case  HOPk_|^j^  (7i »ti ' )  = 
Lk(TTj^).  But  we  already  have  h(Pk(Tij^) )  ^h(Ti^)  >h(Trj^)  so  by  assumption  A^, 


LOOP (TT,  ,X)  =  false.  Therefore  n  P,  (tt,  )  so  by  Lemma  5.1,  t(P,.Cn,))  > 

X  '  '  2^  JC  1  K  X 

t(ir')  +2  .  Thus  by  the  induction  hypothesis  for  PREDICTkf  m37r"  £ 

PC0MP(7f',a  (TT,Tr'))  such  that  h(Tt")<h(Ti,)  and  t  (tt,  )  <  t  (u")  <  t  (n' )  +  2^ 
k  1  ■*• 

This  implies  ii  £  SKIP  )  • 

k,2^  ^ 

Finally,  we  extend  the  induction  to  stage  k+1  for  PREDICT  . 


LEMMA  5.5.  For  all  m,7r'£Il  such  that  t (it' )  >  t (Pk^2 ^ 

h(Pk^l(TT))  >h(Tl')  >h(lf),  PREDICTk^j^Cn,1T')  £  SKIP  k+l 

k^  1,2 


Proof.  Let  TT*:HOPk^^(Qk(TT),TT'). 
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We  first  consider  the  case  h(Tr)  >  h  (tt)  ) ,  so  PREDlCTj^^j^  (ir,ir' )  =  it. 

^  A 

If  n  g  SKIP  .  (TT.Ti')  then  it  easily  follows  tt  g  SKIP 
k+1.2’'^^ 

contracting  Lemma  5.4. 

A 

On  the  other  hand,  consider  the  case  h(ir)  =  ) ,  so 

PREDICT.  ,  (71,71' )=Ti  where  77  =  HOP.  ,  (7r,7r) .  If  77  f?  SKIP  .  .  (77,77  ') 

k+1  .  K+J.  k+1,2 

then  it  follows  that  u g SKIP  ^4-1 '  ^^ain  contradicting  Lemma  5.4. 

k,2'"  ^ 

6.  SIMULATION  OF  P-RAMs  BY  DETERMINISTIC  APDAS 

THEOREM  6.1.  Let  L  be  accepted  by  a  deterministic  T(n)  space 

2 

bounded  P-RAM.  Then  L  is  accepted  by  a  space  T(n),  2*^^  ^  time 

deterministic  apda. 

Proof.  [Fortune  and  Wyllie,  78]  prove  in  their  Lemma  lb  that  L 

2 

is  accepted  by  a  T(n)^  space,  2®^^”^  ^  time  deterministic  TM.  We  use 
exactly  their  algorithm,  but  implement  it  on  an  auxiliary  deterministic 
pushdown  machine.  Their  algorithm  is  recursive  and  requires  a  pushdown 
stack  of  size  at  most  T(n) ,  where  each  element  on  the  stack  can  be 
represented  by  a  bit  string  of  length  0(T(n)).  Thus  only  T(n)  space 
is  required  by  our  simulating  deterministic  APDA.  □ 
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7.  FURTHER  RESULTS 

7.1  Decreasing  Processor  Bounds 

For  deterministic  CFLs,  the  O(log  n)  time  recognition  algorithm  of 

4 

Section  4  requires  n  processors.  This  processor  bound  is  decreased 
considerably  in  the  full  paper  by  applying  a  weighting  to  the  priority  of 
processor  tasks  which  compute  the  PREDICT  function,  and  recycling  those 
processors  below  a  useful  priority  (these  are  executing  completed  tasks). 
This  technique  is  similar  to  a  pebble  weighting  developed  by  [Braunmiihl 
and  Verbeek,  80]  for  sequential  deterministic  CFL  recognition. 

7.2  Implementation  in  a  HMM 

The  algorithm  of  Section  4  can  be  implemented  within  the  same  time 
on  a  Harware  Modicication  Machine  (HMM)  of  (Cook,  80],  by  introducing 
extra  processors  to  update  the  information  required  to  compute  the  PREDICT 
function.  (Previously,  [Dymond  and  Cook,  80]  showed  that  HMMs  accept  in 
time  0(s(n))  any  language  accepted  by  a  deterministic  TM  with  space 
s (n) ^ log  n. ) 

7.3  Extension  to  LR(k)  Recognition 

The  LR(k)  greimmars  defined  in  (Knuth,  65]  are  frequently  used  in 
practice  for  £jrogramming  languages.  Deterministic  CFLs  are  exactly  the 
languages  with  LR(1)  grammars.  It  is  easy  to  extend  our  parallel 
recognition  algorithm  for  deterministic  CFLs  to  recognize  the  languages 
of  any  LR(k)  grammar,  in  time  O(log  n)  by  a  slight  modification  of 
the  initialization  stage.  (I.c.,  the  next  move  function  is  modified  to 
depend  on  k  input  symbols  following  Uie  input  head.) 
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